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Let p be a prime, p # 3 or 7. Then any three diagonal cubic forms over the p- 
adics in at least 28 variables possess a common nontrivial p-adic zero. This verifies 
the Artin conjecture for three diagonal cubic forms over all p-adic fields with the 
possible exception of Q, and Q,. 
1. INTRODUCTION 
The well-known Artin conjecture states that if f,(x),...,f,(x) are r 
homogeneous forms of degrees d,,..., d, in n > JJ df variables with coef- 
ficients in a p-adic number field K then the system of equations 
f,(x) = ... =fr(x) =o 
has a nontrivial solution in K. 
In the case of cubic forms, the following is known: (For a more complete 
account for forms of arbitrary degree see 141.) 
(1) The Artin conjecture is true for a single cubic form. This was 
proved independently by Demyanov 13) (for p # 3) and Lewis [6] (for all p) 
in 1950 and 1952, respectively. 
(2) If f(x)=a,xi + ... +a,x; is a diagonal cubic form in n > 7 
variables then the equation f(x) = 0 has a nontrivial solution in p-adic 
integers; this is not always true if n = 6. This result was proved by Lewis [7] 
in 1957. 
(3) Any pair of diagonal cubic equations 
a,x: + e.3 + anxj, = 0 
bjx; + ... + l&x; = 0 
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has a nontrivial solution in p-adic integers if it > 16; this is not always true if 
n = 15. This result was proved by Davenport and Lewis [ 11 in 1966. 
(4) Any system of r simultaneous diagonal cubic equations 
u,,x; + ... + a,,x; = 0 
a,, x; + . . . ta,,x;=o 
has a nontrivial solution in p-adic integers if n > [27v2 log 9rl. This result is 
a special case of a theorem proved by Davenport and Lewis [ 2, Theorem 3 1 
in 1966; it clearly does not imply the Artin conjecture for systems of 
diagonal cubic equations. (In fact, for one equation it gives n > 54 log 3 
(Z 59), for two equations it gives II > 216 log 6 (Z 388) and for three 
equations it gives n > 729 log 3 (Z 800).) 
The purpose of this paper is to investigate the case of three diagonal cubic 
equations over the p-adics and to verify the Artin conjecture in this 
particular case. We will be concerned with equations of the type 
u,x; + ... + a,x; = 0 
b,x; + ... t b,x; = 0 (1) 
c,x; + **’ + c,x; = 0 
where the coefficients are rational integers. The main result is the following: 
THEOREM 1. Any three simultaneous equations in n variables of type (1) 
have a solution in p-udic integers, not all 0, if n > 28 and p # 3 or I. 
This theorem verifies the Artin conjecture for three diagonal cubits over 
the p-adics provided p # 3 or 7. It is possible that since we are dealing with 
diagonal forms we could use fewer variables than the number predicted by 
the Artin conjecture (as in (2) and (3) above): however, this would lengthen 
the computations considerably. It is also entirely possible that the Artin 
conjecture is true for three diagonal cubits when p = 3 and p = 7. However, 
the general theory does not apply in these cases and the computations 
required to do each of these primes separately are long and messy. 
The methods used in this paper basically follow those of Davenport and 
Lewis in [ 11. The organization is as follows: 
Section 2 contains the necessary results on normalized forms (as in 
Davenport and Lewis [ 11). 
Section 3 contains the major work of the paper, that of solving cubic 
congruences. 
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Section 4 contains the main theorem which we prove by applying a 
Hensel’s lemma-type argument to the congruence results in Section 3. 
2. THE p-ADIC NORMALIZATION OF THREE DIAGONAL FORMS 
In this section we follow [ 11 to obtain necessary results on normalized 
forms. Consider the following cubic diagonal forms with rational integral 
We define 
b(F, G,H)= 11 det bi b.i bk 
i#j#k 
ci cj Ck 
LEMMA 1. (i) Zf 
F'(x) = zqpx, ,..., p"nx"), 
G’(x) = G(p”‘x, ,..., fnx,)r 
coefficients: 
F(x) = a,x: + ... + a,xj, 
G(x) = b,x; + e.. + b,x; 
H(x) = c,x: + ‘*a + c,x;. 
ai aj ak 
(2) 
then 
H’(x) = H(p”‘X I,..., pL’nxn) (v, )..., v, E Z), 
b(F’, G’, H’) = p9’” - ‘jcn -*‘“b(F, G, H), 
where v = v, + 1.. + v,. 
(ii) Zf 
then 
F,(x) = A, F(x) + A, G(x) + A3 H(x). 
G,(x)=~u,F(x) +lu,G(x) +P~H(x), 
f&,(x)=~,F(x) +~zG(x) +P~WXL 
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Proof: (i) We have 
and Ciejzk (vj + vj + v,J = 3(n - l)(n - 2) v. 
(ii) If ai, pi, yi are the coefficients of xi in F,, G, and H,, respec- 
tively, then 
ai Clj ak 
det Pi pj /?k = det 
i i Yi yj Yk 
PI P2 P3 
PI P2 P3 
The number of terms in the product 
1 det 
a, aj ak 
bi bj 6, 
ci cj Ck 
is n(n - l)(n - 2). This proves the lemma. 1 
Two systems of forms of the type (2) are said to be equivalent if one 
system can be obtained from the other by a combination of operations (i) 
and (ii) of Lemma 1, where v, ,..., V, are integers and the Izi,pi, pi are rational 
numbers with 
Note that if the equations I; = G = H = 0 have a nontrivial p-adic solution 
then the equations for every equivalent system of forms also have a 
nontrivial p-adic solution. 
From now until the final section, we will assume that b(F, G, H) # 0, a 
property which is preserved under equivalence. From each class of 
equivalent systems of three forms with integral coefficients we select a 
system for which the power of p dividing b(F, G, H) is minimal. (This is 
possible since the power is nonnegative.) Such a system of forms is called 
normalized. 
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Note that a normalized system of three forms is not unique. In fact, any 
operation of type (ii) with 
(mod P) 
transforms one normalized system into another normalized system. Such a 
transformation is called a unimodular transformation; the systems are said to 
be equivalent (mod p). 
If T is a form with integer coefficients, let T* denote the form with coef- 
ficients in the finite field with p elements whose coefficients are congruent 
(mod p) to the corresponding coefficients of T. By the rank of a form T we 
will mean the number of variables which occur explicitly in T. 
LEMMA 2, A normalized system of three forms in n variables can be 
written as 
F=f,+pf,+p’fz 
G = go + pg, + p2gz 
H = ho + ph, + p’h, 
where fi, gi, hi are forms in m, variables, and these sets of variables are 
disjoint for i = 0, 1, 2. Moreover, each of the mi variables occurs in at least 
one of fi, gi, hi with a coef)cient not divisible by p. We have m, > n/3. 
Further, if q, denotes the minimum number of variables occurring explicitly 
in any form L*f,*+p*gg+p*ht (where L*,,u*,p” are not all 0) then 
q. > 49. 
Proof. Begin by writing a normalized system of three forms as 
F= fotpf, t ... . G=g,+pg,+..., H=ho+ph,+.... 
where we put in fj, gj, hj those terms a,x,“, b,x:, cixf for which p’ is the 
highest power of p dividing each of a,, bi, and ci. Clearly, the sets of 
variables occurring in f,, go, ho, in f, , g, , h, , etc. are disjoint. 
We need to prove that the forms fi, gj, hj are empty if j > 3. This follows 
from the minimal property of b(F, G, H): suppose that a,xi, b,x!, cixi were 
terms in F, G, H with ai, b,, ci all divisible by p3. Then we could reduce the 
power of p dividing b(F, G, H) by an operation of type (i). Namely, put 
xi=p-Ixf. This reduces the power of p dividing b(F, G, H) without 
affecting the integral character of the coefficients. 
To prove m, > n/3, let x, ,..., x,,,(, denote the variables in fo, go, ho. Then 
the forms 
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F’ = p-‘F(px * ,***, PXq, qQ+, ?...T XJ’ 
G’ = p-%(Px, ,..., PX~,,, +,+ I,..., x,,), 
H’ = p-‘H(PX, ,..*1 PXq, x,()+ I,... 1 x,) 
have integral coefficients and are equivalent to F. G, H. By Lemma 1, 
b(F’, G’, H’) = pP 3n(n-l)(n-2)+9(n-I)(n-2)mob(F, G, H). 
By the definition of a normalized system, we have 3~2, > n so m, > n/3. 
To prove q. > n/9, we may suppose without loss of generality that q. is 
the number of variables occurring explicitly in ht. Let these variables be 
XI ,.-*, xq,. Then the forms 
F” = F(Px,,..., pxyo, xq,,+l,..., x,J’ 
G” = G(px, ,..., pxq,, xqo+, ,..., x,), 
H” = p-lH(px,, . . . . ~x~,,,x~~+~ ,..., x,) 
have integral coefficients and are equivalent to F, G, H. By Lemma 1. 
b(F”, G”, H”) = p-n(n-l)(n-2)+9(n-l)(nZ)qeb(~, G, H). 
Hence q,, > n/9. 1 
3. NONSINGLJLAR SOLUTIONS (modp) 
In this section we assume that F, G, H are diagonal cubic forms in 28 
variables which satisfy b(F, G, H) # 0 and which are normalized in the sense 
of the preceding section. In particular the conclusions of Lemma 2 hold’ so 
we have 
m,> 10, 40 > 4. 
Our object is to prove (Lemma 15) that if p # 3 or 7 the congruences 
F*EG*-H*sEO ( mod p) have a nonsingular solution, i.e., a solution for 
which 
aF aF aF --- 
(mod P) 
aH aH aH __-- 
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for some i, j, k. Since p # 3, this condition is equivalent to 
(mod P) 
for some i, j, k. This will easily lead to a solution to the p-adic equations F = 
G = H = 0 (Theorem 1). 
To prove our result we need only consider the forms f,, g,, h, ; or more 
precisely,f,*(=f*), g$(= g*), h,$(= h*). Since m, > 10 we may assume that 
the system f$ E g,* E h,* E 0 (mod p) has exactly 10 variables. After 
replacing our system with an equivalent system (mod p) (if necessary) we 
may assume our system is of the form 
f*-aa,w:+ . ..+a.w:+x3 zz -0 (mod P)* 
g*=b,w;+-.+b,w; +y3 r0 (mod P)? (3) 
h*= c,w; + ... + c,w; +z3-0 (mod P). 
If we let R denote the minimal rank of any form a*f * + /?*g* + y*h* 
(where a*, /3*, y* are not all 0) then it follows from Lemma 2 that R > 4. 
Clearly, we also have R < 8. 
In proving Lemma 15 we may assume that p E 1 (mod 3). For if p = -1 
(mod 3) every residue class is a cubic residue and hence the cubic forms can 
be viewed as linear forms and can be solved with x f 0, J f 0, z f 0. This 
solution is nonsingular. From now on we assume that p = 1 (mod 3) and 
p> 7. 
We need the following three results on cubic congruences (as stated 
in 111). 
LEMMA 3. The congruence 
ax3 + by3 + cz3 = d (mod P) 
is always solvable if abed f 0 (mod p). 
LEMMA 4. The congruence 
ax3 + by3 + cz3 = 0 (mod P) 
is always solvable with at least one of x, y, z f 0 (mod p). 
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LEMMA 5. If  p s 1 (mod 3) and p > 7 the congruence 
ax3 + by3 G c (mod P) 
is always solvable provided abc f 0 (mod p). 
The next lemma is a useful corollary to Lemma 5. 
LEMMA 6. Zf p z 1 (mod 3) p > 7 and ab f 0 (mod p) the congruence 
ax3 + by3 + z3 z 0 (mod P) 
is always solvable with xy f 0 (mod p). 
Proof: Suppose a and b are both cubes (mod p). Let a E a3, b =/I’. 
Solve the congruence with x E 1, y z -a/p, z s 0. 
Otherwise, say b is not a cube. Let y z -1. Use Lemma 5 to solve the 
resulting congruence 
ax3 + z3 z b (mod P). 
If x z 0 then b is a cube, a contradiction. Hence xy f 0. I 
The next lemma is a special case of Chevalley’s theorem (see, e.g., 
12, Lemma I]). 
LEMMA 7. The system 
a,xi + ... + a,x5, E 0 (mod P), 
b,x; + ..a + b,xj, 3 0 (mod P), 
c,x: + ..* + c,x; = 0 (mod P) 
has a nontrivial solution if n > 9. 
We now begin to prove the main lemma of this section (Lemma 15). First 
we prove two technical lemmas (Lemmas 8 and 9), then we consider the 
various possible values for R (Lemmas 10-14). . 
LEMMA 8. Consider the forms 
f(z)=a,zf+a,z~+a,z:+z: 
g(z)= b,z: + b,z: + b,z: + z: 
where each variable occurs explicitly in at least one of f(z) and g(z) and 
where every no&rival linear combination off(z) and g(z) has rank at least 
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two (mod p). Let a and b be integers, not both E 0 (mod p). Then the 
congruences 
f(z) s a (mod P), 
g(z) G b (mod P) 
have a solution with at least two of the variables z, ,..., z5 & 0. 
Proof. It suffices to solve the homogeneous system 
3 3 alz, + a2z2 + a,z”, + zj +az3 r0 (mod P) 
b,z: + b,z: + b,z: +i; + bz3 ~0 (mod P) 
(4) 
with z f 0 and with two other variables f 0. 
Let S denote the minimal rank of any nontrivial linear combination 
(mod p) of the forms in (4). Replace the forms in (4) by equivalent forms 
x f, where 
f”= a,z; + ... +a,z:+z~+az3 
and where g has rank S. (We may assume that z, occurs in g so it may be 
eliminated from jr) By hypothesis S > 2. 
If S = 2 we may assume 
,g=z;+p 24. 
To solve fz g= 0 (mod p) let z, = z2 G 0. The equation 33 0 (mod p) 
becomes 
a,z:+a,z~+z:+az3-0 (mod P)? 
where a3 a4a f 0 (mod p). Choose zg, z f 0 such that 
z:+az3=-8&O (mod P). 
Use Lemma 5 to solve 
a,z:+a,z:rd (mod P). 
At least one of z3, zq $0. Hence z and two other variables are f 0. 
If S = 3 we may assume either 
g”=z: +p2z: +pz3 
Or 
g=z: +p*z: +p3z:. 
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In either case use Lemma 6 to solve g’= 0 (mod p) with two of the three 
variables f 0 (including z in the first case). The equation 3~ 0 (mod p) 
becomes a (possibly inhomogeneous) equation in three variables. In the first 
case use Lemma 3 or 4 to solve it with at least one variable f 0. In the 
second case let z = 1 and use Lemma 5 to solve the resulting equation. 
Suppose S = 4. Then either 
g=z: +p*z: +p3z: +Pz-’ 
or 
g=z: +pzz: +P& +P4d 
In the first case solve SE 0 (mod p) by choosing zj, z & 0 such that 
&z: +/?z” f0 and by th en solving the resulting equation for z,, z2. The 
equation$ 0 (mod p) becomes a (possibly inhomogeneous) equation in two 
variables. If it is homogeneous solve it with z,, = zg = 0. Otherwise solve it 
by using Lemma 5. 
In the second case above solve g c 0 (mod p) with one variable as follows: 
choose representatives A, B from the two classes of cubic non-residues 
(mod p) such that 
ItAtBrO (mod P>. 
This is possible for if A,, B, are arbitrary representatives Lemma 4 says that 
the congruence 
x3 +A,y3 +B,z3 r0 (mod PI 
has a nontrivial solution. Since A,, B, and A,B; ’ are not cubes (mod p), 
this solution satisfies xyz f 0. Thus we can take A = A,y3xv3, B = B,,z~x-~. 
Without loss of generality we may assume that the nonzero coefficients of S 
are restricted to the values 1, A and B. Hence one of the four nonzero coef- 
ficients 1, &, &, /3, is repeated. Say pi 3 pj (where some /I may be 1, the 
coefficient of zi). Solve g= 0 (mod p) with <E zi = -zj and with the 
remaining two variables E 0. The equationfz 0 (mod p) takes the form 
z: + a’cy + az3 z 0 (mod PI. 
where a’ f 0 (since then i would be of the form z: +&z: +p3zj t pz’). 
Use Lemma 6 to solve this congruence with <z f 0 (and hence z,zjz & 0). 
Finally, suppose S = 5. Then we may assume 
384 EDIE STEVENSON 
Solve the congruence S- 0 (mod p) with two variables as follows: as above 
we may assume that the live nonzero coefficients of g are restricted to the 
values 1, A and B. First suppose that there are two pairs of congruent coef- 
ficients: say, pi E /Ii, Pk ZE 8,. Solve g’- 0 (mod p) with < =zi E -5, q E 
zk = -zI and with the remaining variable E 0. The congruenceT= 0 (mod p) 
takes the form 
a’t3 + cf”q3 + az3 s 0 (mod PI, (5) 
where a’a” f 0. (Otherwise we would be in one of the previous cases. Note 
that in this case aZ, a3, aq f 0.) Use Lemma 6 to solve (5) with qz f 0 (and 
hence zkz,z f 0). If there are not two pairs of congruent coefficients in S 
then the possibilities for the coefficients are (apart from permutations): 
(i) A 1 1 1 B, 
(ii) B A A A 1, 
(iii) A B B B 1. 
Ifa,& -1 (modp),solve~~O(modp)with~=z,~-z3,~~zZ1~z,,=~~. 
If a4 E -1 (mod p) then a3 f -1 (mod p) (since otherwise we would be in a 
previous case). In that case solve SE 0 (mod p) with < = z2 = -z4, q = zi = 
z3 = z5. In both cases p 0 (mod p) takes the form (5) and can be solved 
with qz f 0. This completes the proof of the lemma. fl 
LEMMA 9. Any system of the form 
x:+d,x:+a,w:+.~~+a,w~ -0 (mod P), 
b,w: + . ..+b.w;+y3 -0 (mod P>, 
c, w: + . *. + C6 w:, +z3-0 (mod ~1, 
where d, f 0 and some a, & 0 has a nonsingular solution. 
Proof. Say a, f 0. Pick w,, y, z f 0 such that b, w: + y3 and c, w: + z3 
are not both EE 0. The second and third equations take the form of those in 
Lemma 8. Solve them for w2 ,..., we. The first equation becomes a (possibly 
inhomogeneous) equation in xi and x2. Solve it. The resulting solution is 
nonsingular (the nonsingularity being with reference to w,, y and z). 1 
We now prove Lemma 15 by considering the five possibilities for R, the 
minimal number of variables in any pencil of the formsf”, g*, h*. 
LEMMA 10. Suppose p f 3 or 7. If R = 4 the congruences 
f*Eg*Eh*sO (mod PI (6) 
have a nonsingular solution. 
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ProoJ: We may assume that the system is 
U,W: + -** ta,w:ta,w:t~~~ta,w:tX3 -0 (modp) 
b,w; t . . . tb,w:tb,w:t~+b,w: t-v3 Es 0 (mod p> (7) 
c,w: t .a* + c,w; t z3 = 0 (mod p) 
where ci f 0 (i = 5, 6, 7) and where we may assume uibi f 0 (i = 1. 2, 3, 4) 
(since otherwise (7) takes the form of the system in Lemma 9 and hence has 
a nonsingular solution). We may assume the ci are restricted to the values 
l,A, B. Hence there exists a pair of congruent coefficients in the set of coef- 
ficients of h*. Say ci c cj (where some c may be 1, the coefftcient of z3). 
Solve h * z 0 (mod p) with < = wi = -wj (where some w  may be z) and with 
the remaining two variables = 0. The system (7) becomes 
up: t . . . +u,w: tar3 +x3 so (mod PI, 
b,w: t . . . t b, w: t b13 ty3=0 (mod P). 
Let c z 1 and choose x f 0 such that a + x3 & 0. The above equations take 
the form 
u,w: t *.. tu,w: -a (mod P) 
6, w; t a-- tb,w:ty3=j3 (mod P) 
where a and p are not both E 0. These equations are equivalent (mod p) to 
those occurring in Lemma 8. Hence there exists a solution with some wi f 0. 
This gives a nonsingular solution to (7) (the nonsingularity being relative to 
the variables r, x, wi (since b, f 0)). 1 
LEMMA 11. Suppose p # 3 or 7. If R = 5 the congruences (6) have a 
nonsingular solution. 
ProoJ: We may assume that the system is 
up: t 3 3 *.* tu,w, tu,w, t *** tu,w: +x3 SE 0 (modp) 
b, w; t ..a tb,w;tb,w:++b,w; ty3 ~0 (mod P) (8) 
3 Cd wq + . . * t c,w: t z3 3 0 (mod p) 
where ci f 0 (i = 4,..., 7) and where we may assume uibi f 0 (i = 1, 2, 3) (as 
in Lemma 10). Solve h* E 0 (mod p) with two variables r, ye as in the proof 
of case (6) in Lemma 8. The system becomes 
u,w: t ... tu,w: tar3 +a’?/3 +x3 -0 (mod P) 
b,w: t ... t 6, w: t bC3 t b’r3 +y3=o (mod P) 
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where we may assume the variable < occurs explicitly. (Otherwise the system 
would be equivalent (mod p) to one of the type in Lemma 9 and would have 
a nonsingular solution.) Let 7 E 1, choose x f 0 such that a’ + x3 f 0. The 
system becomes 
u,w: + ... +a,w:+a(3 -a (mod P) 
b, w; + ... + b,w; + br3 + y3 =p (mod PI 
This is equivalent (mod p) to a system of the type in Lemma 8. Hence it has 
a solution with y & 0 or some wi f 0. This gives a nonsingular solution to 
(8) (the nonsingularity being relative to the variables n, x, y or r7, x, wi (since 
bi f O))*N 
LEMMA 12. Suppose p # 3 or 7. If R = 6 the congruences (6) have a 
nonsingular solution. 
Proof. We may assume that the system is 
3 3 3 
a,w,+a,w,+a,w,+ .*. +a,w;+x3 z -0 (mod P) 
b,w; + b,w; + b,w; + ..+ t b,w; fJJ” ro (mod P) (9) 
c,w: + . . . $ c, w; fz"sO (mod P) 
where ci f 0 (i = 3,..., 7) and where we may assume a,b, & 0 (i = 1, 2) (as in 
the proof of Lemma 10). Solve h* = 0 (mod p) with two variables <, n as 
follows: we may assume that the ci are restricted to the values 1, A. B. Hence 
there exist at least two pairs of congruent coefficients in the set ( c3 ,..., c,, 1 }. 
Say ci = cj, ck z c, (where some c may be 1, the coefftcient of z’). Let 5 5 
wi 5 -wj, let r] z M’~ = -w, (where some MI may be z). The system (9) 
becomes 
qw: ta,w:ta~3+a'~3tX3 =o (mod P), 
6, w: t b, w; -t bt3 + b’v3 +J’3Eo (mod P), 
(10) 
where we may assume the variables <, q occur explicitly (since otherwise the 
system would be equivalent (mod p) to one of the type in Lemma 9 and 
hence would have a nonsingular solution). Let n = 1. The above system takes 
the form of a system equivalent (mod p) to that occurring in Lemma 8. 
Hence it has a solution with at least two variables f 0. If { & 0 this solution 
gives a soution to (9) with at least live variables f 0. If this solution were 
singular then we could form a nontrivial linear combination (mod p) of 
f *, g*, h* of rank < 5. Hence (9) would be equivalent (mod p) to a system 
with R < 5, a contradiction. So any solution to (10) with <f 0 is 
nonsingular. If c = 0 then either x, y f 0, x, wi f 0. y, wi & 0 or w,, w2 f 0. 
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In each of these cases the corresponding solution to (9) is nonsingular (since 
otherwise the system is equivalent (mod p) to one of the type of that in 
Lemma 9). I 
LEMMA 13. Suppose p # 3 or 7. If R = 7 the congruences (6) have a 
nonsingular solution. 
Prooj We may assume that the system is 
a,wi+a,w:+... +a,wj+x-’ -0 (mod P) 
b,w:+b,w:+-.+b,w: +y3 SO (mod P) (11) 
cp: t *** + c,w; $z3=0 (mod P) 
where ci f 0 (i = 2,..., 7) and where we may assume a,b, & 0 (as in the 
previous lemmas). 
We begin by solving h* z 0 (mod p) with three variables <, q, v where we 
assume c2 ,..., c, are restricted to the values 1, A, B. Suppose there exist three 
pairs of congruent coefficients in (c, ,..., c,, 1). Say ci = cj, ck = c,, c, = c, 
(where one of the c’s may be 1, the coefficient of z’). Solve h * = 0 (mod p) 
with <E wiz -wj, r7 = wk E -w,, v E w, z -w, and with the remaining 
variable 3 0 (where one of the w’s above may be z). 
If there do not exist three pairs of congruent coefficients in (c~,..., c,, 1 } 
the possibilities for c2 ,..., c, (apart from permutations) are 
(i) A, A, A, B, B, B, (iv) B, A, A, A, A, A, 
(ii) A, 1, 1, B, B, B, (v) A, B, B, B, B. B, 
(iii) B, 1, 1, A, A, A, (vi) A, 1, 1, B, 1, 1. 
In cases (i)-(v) we may assume that the congruences a, = a6, b, E b, are not 
both satisfied (since otherwise our system is equivalent (mod p) to one of the 
type in Lemma 9). Hence the equations a, t a, = a, t ah E b, + b, = 
b, + b, z 0 do not all hold. If a2 + a, or b, t b, f 0 solve h * = 0 (mod p) 
withrrw,=-w,,rl~w,~-w,,v~w,rw,~z.Ifa,$a,orb,+b,fO 
solve it with ~EW~E---W~, ~EW~Z--W,, VEW~-W~ZZ. In case (vi) 
h* z 0 (mod p) can be solved with variables l, q, v is a similar way. 
With each of the above choices for & r, v the system (11) becomes 
a, wi + at3 t a’q3 t a”v3 +x3 E 0 (mod P) 
b, w; + bt3 t b’r3 t b”v3 +y3=o (mod P) 
where the variables C, II, v occur explicitly (because of the way they have 
been chosen). Let r = 1. The above system takes the form of a system 
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equivalent (mod p) to the one in Lemma 8. Hence there exists a solution 
with at least two of the variables f 0. If this solution were singular we could 
form a nontrivial linear combination (mod p) off*, g*. h* of rank < 6, a 
contradiction. Hence there exists a nonsingular solution to (11). 
LEMMA 14. Suppose p # 3 or I. If R = 8 the congruences (6) have a 
nonsingular solution. 
Proof. We may assume that the system is 
alwt + ... +a,w:+x” =O (mod P) 
b,w; + ... + b,w; +y3 ~0 (mod P) (12) 
c, w; + *.. + c,w: +z3-0 (mod P) 
where the ci are f 0. By Lemma 7 there exists a nontrivial solution to (12). 
If exactly two variables in that solution are f 0, (12) is equivalent (mod p) 
to a system of the type in Lemma 9 and hence has a nonsingular solution. If 
three or more variables in that solution are f 0 there exists a nontrivial 
linear combination (mod p) off*, g*, h* of rank < 7, a contradiction. 1 
LEMMA 1.5. If F. G, H is a triple of normalized p-adic forms in n > 28 
variables and p # 3 or 7, then the congruences 
F*-G*-H*=O (mod P) 
have a nonsingular solution. 
Proof: When F, G, H are normalized forms in n > 28 variables and 
p # 3 or 7, Lemmas 10 through 14 cover all possibilities for the system 
F* E G* s H* E 0 (mod p). Hence these lemmas imply the conclusion. 1 
4. THE MAIN THEOREM 
In this section we prove the main theorem of this paper, that the Artin 
conjecture is true for three diagonal cubic forms over the p-adics (if p # 3 
or 7). 
THEOREM 1. Any three simultaneous equations in n variables of type (1) 
have a solution in p-adic integers, not all 0, if n > 28 and p f 3 or 1. 
Proof: Let F, G, H be diagonal cubic forms with rational integral coef- 
ficients in the variables x, ,..., x,, where n > 28. The theorem asserts that 
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there is a nontrivial p-adic integral solution to the equations F = G = H = 0; 
this is equivalent to the assertion that the congruences 
FcGzH-0 (mod p”) 
have, for every positive integer V. a solution in which not all of X, ,..., x, are 
divisible by p. 
Suppose p # 3 or 7 and n > 28. If b(F, G, H) # 0 the theorem follows by 
applying Hensel’s lemma to the result obtained in Lemma 15 (see, e.g., 
15, P. 641). 
Suppose b(F, G, H) = 0. For any integer p there exist forms 
J’(u) = @)x; + . . . + @)x3 n n 
G(U) = ,l,(U)X3 + . . . + b(PU)x-’ I I n n 
H(‘) = c(“‘x; + . . . + @‘)x3 
I n n 
with rational integer coefficients such that b(Fcv’, G(‘), H”‘) # 0 and such 
that for each i, uj”’ - ai, bj” - b, and cj”) - ci are all divisible by p”. Let 
x(‘) be a nontrivial p-adic solution to the equations 
Since the equations are homogeneous, we may suppose that the coordinates 
of x(“) are p-adic integers and that at least one coordinate is a p-adic unit. 
Thus the point x(@) lies on the surface of the unit hypercube in Zi”. It follows 
that the set (xc”) } has an accumulation point x # 0. Thus if p goes to infinity 
through a suitable sequence then 
lim x(@) = x 
ti 
exists in the p-adic sense and is not the origin. If 1 JP denotes the p-adic 
valuation we have 
(F(x(“)& = JF(x”“) - F(‘)(x(“))l,, 
= 1 (ai-a(fl’)xjp’3 ,<p-“. 
I P 
Since F is continuous it follows that F(x) = 0. Similarly G(x) = H(x) = 0. 
Hence the equations F = G = H = 0 have a common nontrivial padic 
solution. This concludes the proof of the theorem. 1 
Remark. Although we have stated the theorem only for forms with 
rational integral coefficients, the same result for forms with p-adic coef- 
ficients follows immediately from Theorem 1. 
641/14/3-E 
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